This article was downloaded by:

On: 26 January 2011

Access details: Access Details: Free Access

Publisher Taylor & Francis

Informa Ltd Registered in England and Wales Registered Number: 1072954 Registered office: Mortimer House, 37-
41 Mortimer Street, London W1T 3JH, UK

Liquid Crystals
Publication details, including instructions for authors and subscription information:
http://www.informaworld.com/smpp/title~content=t713926090

Axial propagation in a magnetic-dielectric cholesteric medium

Akhlesh Lakhtakia®; Werner S. Weiglhofer

2 Department of Engineering Science and Mechanics, The Pennsylvania State University, University
Park, Pennsylvania, U.S.A.  Department of Mathematics, University of Glasgow, Glasgow, Scotland

To cite this Article Lakhtakia, Akhlesh and Weiglhofer, Werner S.(1993) 'Axial propagation in a magnetic-dielectric
cholesteric medium', Liquid Crystals, 15: 5, 659 — 667

To link to this Article: DOI: 10.1080/02678299308036485
URL: http://dx.doi.org/10.1080/02678299308036485

PLEASE SCROLL DOWN FOR ARTICLE

Full ternms and conditions of use: http://ww.informworld.confterns-and-conditions-of-access. pdf

This article nay be used for research, teaching and private study purposes. Any substantial or
systematic reproduction, re-distribution, re-selling, |loan or sub-licensing, systematic supply or
distribution in any formto anyone is expressly forbidden.

The publisher does not give any warranty express or inplied or make any representation that the contents
will be conplete or accurate or up to date. The accuracy of any instructions, fornulae and drug doses
shoul d be independently verified with prinmary sources. The publisher shall not be liable for any |oss,
actions, clainms, proceedings, demand or costs or danmmges whatsoever or howsoever caused arising directly
or indirectly in connection with or arising out of the use of this material.



http://www.informaworld.com/smpp/title~content=t713926090
http://dx.doi.org/10.1080/02678299308036485
http://www.informaworld.com/terms-and-conditions-of-access.pdf

10: 58 26 January 2011

Downl oaded At:

Liouip CRYSTALS, 1993, VoL. 15, No. 5, 659-667

Axial propagation in a magnetic-dielectric cholesteric medium

by AKHLESH LAKHTAKIA*

Department of Engineering Science and Mechanics, The Pennsylvania State
University, University Park, Pennsylvania 16802-1401, U.S.A.

and WERNER S. WEIGLHOFER

Department of Mathematics, University of Glasgow,
Glasgow G12 8QW, Scotland

(Received 18 February 1993; accepted 17 May 1993)

The existence of an exact solution for axial propagation in a dielectric cholesteric
medium has been often remarked upon. Here, we obtain the exact solution for axial
propagation in a magnetic-dielectric cholesteric medium, using the 4 x 4 matrix
method of optics. Our solution procedure also enables us to identify the specific
features that make axial propagation in cholesteric media remarkable in having an
analytical solution.

1. Introduction

Whereas planewave propagation in uniaxial dielectric materials has been inten-
sively studied for well over three half-centuries [ 1-4], general exact analytical solutions
for planewave propagation in cholesteric liquid crystals still remain elusive. This may
be because cholesteric liquid crystals are periodically inhomogeneous uniaxial
dielectric materials, and exact solutions for linear differential equations with periodic
coefficients are rather rare [5-7].

It is possible to make the piecewise constant approximation [8,9] of replacing a
cholesteric stab by a multilayered uniaxial dielectric slab, and a simplified version of the
resulting algorithm has been numerically implemented [10, 11]. Perturbative [12],
long wavelength or quasistatic {9, 13], and the geometrical optics [14,15] approxi-
mations have also been used for a cholesteric medium of infinite extent, and note may
also be taken of the numerical implementation [ 16] of the Floquet-Lyapunov theorem
[6]. However, as Belyakov [5] has so eloquently put it, an exact, closed form solution
has been found only for propagation parallel to the helical axis [17,18]. This
assessment holds true in spite of some analytical advances reported in the past 10 years:
Oldano et al. [19] have expanded the electric field in terms of its Floquet-Bloch
planewave spectrum but their numerical procedure has to be carefully checked for
convergence; Peterson [20] has utilized a cylindrical wave spectrum instead, but his
solution involves a matrix continued fraction and also requires the numerical solution
of a high order polynomial equation; Kapshai et al. [21] are closer to a closed form
solution, but have only been able to give approximate expressions for the eigenfields.

The existence of an exact solution for axial propagation in a cholesteric medium is
so remarkable that it is worth quoting Belyakov [5]: ‘The obtained exact solution is
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simple and is the only example of a simple exact analytical solution of the Maxwell
equations for periodic media. No other simple exact solution is known—not even for
periodic structures more simple than cholesterics...”. Belyakov’s comments naturally
lead to a question: What are the essential features of this problem? The mode of
presenting its solution in textbooks (for instance, Belyakov 5], de Gennes [22] or
Chandrasekhar [23]) does not illuminate the uniqueness of its existence. This may be
because, conventionally, resort is made to second order differential equations that often
obscure some special features of the first order differential equations of Maxwell. True,
Berreman and Scheffer [ 10, 117] did use the first order equations, but only together with
the piecewise constant approximation.

A general material can have dielectric as well as magnetic properties [24,25], so
whatever has been written above for dielectric cholesteric media applies in full force to
magnetic cholesteric media [26,27] as well. A magnetic cholesteric (ferrocholesteric)
medium can be made by suspending acicular magnetic particles in a carrier liquid
crystal and then cooling under/without a magnetic field pulse to establish long range
orientational order for the magnetic needles [26,28]. Continual advances being
reported on the fabrication of these types of materials prompt the second question: Is
the exact, closed form solution for axial propagation in a dielectric cholesteric medium
a reduction of another exact, closed form solution for axial propagation in a magnetic-
dielectric cholesteric medium?

The present communication is being made to answer these two questions. Using the
famous 4 x 4 matrix method of optics [7,9, 10}, we obtain the exact solution for axial
propagation in a magnetic-dielectric cholesteric medium. In doing so, we find out the
answers to the two questions hitherto posed.

At the risk of appearing repetitive, let us pause to enumerate the reasons for the
existence of this paper. First, the publications of de Vries [17] and Kats [18] for axial
propagation in a dielectric cholesteric medium were the first in which the time-
harmonic Maxwell equations were solved in a periodically inhomogeneous medium;
any extension thereof is of analytical value, and even more so when the extension has
not been reported elsewhere. Second, we have very clearly obtained in §4 the reasons
why the deVries-Kats approach works, which has not been done elsewhere to our
knowledge; that fact endows our paper with pedagogical value. Third, though the
anisotropy of the diamagnetic susceptibility of liquid crystals is usually very small, this
can be enhanced in the manner proposed by Brochard and de Gennes [26] by
suspending acicular magnetic particles in dielectric cholesterics. Such materials can
nowadays be made, albeit with considerable difficulty [27].

2. Field equations
Frequency-domain electromagnetic fields, in the magnetic-dielectric cholesteric
material we are handling here, obey the constitutive relations

D(r)=e(z) - E(v), (1a)
B(r)=m(z)* H(r), (1b)

where e(z) is the permittivity dyadic and m(z) is the permeability dyadic. The
permittivity dyadic is specified as

Q(Z) = 80{833 + (813 - ea)ue(z)ue(z) + (ec - aa)uzuz]s (2 a)
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where 3=u,u, +u,u,+u,u,is theidentity dyadic and (u,, u,, u,) is the triad of cartesian
unit vectors; £, =8-854 x 10~ 12 Fm ! is the permittivity of free space, and (s, &, &) is
the triad of relative permittivities; while in specifying the dielectric director

u(z)=u,cos ¢.(z)+u,sin ¢ (z) (2b)

that spins around the z axis, the axis of spirality in the material, we make no particular
assumptions regarding the dependence of the angle ¢.(z) on z at this stage. The
permeability dyadic is set up as

m(Z) = “0[/‘;13 + (ﬂb - lla)um(z)um(z) + (:uc - .ua)uzuz]a (3 a)

where po=4nx 107 Hm ™! is the permeability of free space, (u,, iy, i) is the triad of
relative permeabilities, and the angle ¢,,(z) of the magnetic director

U,(2) =u, CoS @,(2) +u, sin ¢(2) 3b)

has an arbitrary dependence on z at this juncture.

We are interested solely in axial propagation. Therefore, 6/0x=0/0y=0 and the
field vectors depend on the z coordinate only; hence, E(r)= E(z), etc. Substitution of the
preceding equations in the time-harmonic Maxwell curl equations, V x E=iwB and
V x H= —iwD, yiclds us the two algebraic relations 0=u, -« B(z) and O=wu, - D(z). This
implies that the B and the D fields are purely transverse for axial propagation, as also
are the E and the H ficlds.

In addition to the two algebraic equations, we also get four first order differential
equations that can be put in matrix form as

dldz) f(2)]=[A@)]Lf (), (4a)

where [ f(z)] is the column vector

E (z)
E(2)
= , 4b
[f(2)] H.2) (4b)
H ()
and [A(z)] is the 4 x 4 matrix
[A(z)]=iw
0 0 Holt - SIn 2¢,, Holk+ — Holk - COS 2¢p,
0 0 — Holb+ — Holt— COS2¢y  —piop_sin2¢,,
— e SIN2¢p, —gpt, +8pe_ COS 20, 0
€o€4 +E9E_ COS 2¢, £g€_Sin2¢, 0 0
(4o
with
£y = (gb —-t ga)/za (5 a)
Ba =l £ p1)/2. (5b)

The solution of the matrix differential equation (4 a) is what we are after.
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3. Field transformation
It is conventional to think of left- and right-handed circularly polarized fields for
axial propagation in a dielectric cholesteric [ 20, 22]). In addition, we know that ¢(z) and
m(z) are periodic functions of z; indeed, the factorizations

e(z)={exp [$(2)u (z) x I]} - ¢(0)* {exp (— p(2)u(z) x 3]}, (6a)
m(z)= {exp [Pan(2)un(z) X I]} - m(0) {exp [ — Prn(2)un(z) x 3]} (6b)

clearly show the rotational nature of the material inhomogeneity. Therefore, we make
the mapping

Lf@]=[PILF(z)]v()], (7a)
where the constant matrix
i 1 0
PSS i —i 0 0
[P]=2 o 0 1 1 (7b)
0 0 i —i

converts the electromagnetic fields from the linearly to the circularly polarized bases,
while the matrix

expl—id] 0 0 0
. 0 exp [ —i¢(2)] 0 0
[F(2)]= . 0 expl—idg@] O 7
. . 0 exp i (2)]

is purely diagonal.
It follows from (7 a) that

(d/d2) f(2)]=T[P{(d/dz)[ F(2)]} [¥(2)] + [PI[F(2)]{(d/dz)[(z)]}. ®)
Hence, the matrix differential equation (4 @) can be transformed to
(d/dz)[y(z)] = [C)[¥(=)], a)
where
[C(2)]1=[F@)]17'[P1'[AEILPILF(2)] —i[Q(2)], 9b)
with
—de,.jdz 0 0 0
B 0 do./dz 0 0 9
fo@n=| o o o | 9o

0 0 0 dep,Jdz
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4. A conditional solution
The transformed field equation (9 a) involves the matrix [ C(z)] of (9 b). The structure
of [C(2)] 1s the key of the present investigation. It turns out that

[Cl2)]=
ide./dz 0 —opopt, exp[—id(z)] —ouou_ exp[—id(z)]
0 —id¢,/dz wptop - exp [id(z)] wpopt+ exp [id(z)]
weqe 4 exp [16(2)] wege - exp [id(2)] idp,,/dz 0
—wgpe_ exp[—id(z)] —wege, exp[—id(z)] 0 —id¢,/dz
(10)
with
0(z) = Pm(z) — P(2). (11)

I [C(z)] can be made independent of z, the solution of (9 a) is quite straightforward.
To make [C(z)] constant with respect to z introduces the following requirements:

(i) dé./dz=b.. (12a)
(i) dep/dz=b, (12b)
(i)  8(z2)=35, (12¢)

where b,, b, and §, are constants. If these three conditions are met, (9 a) reduces to the
matrix differential equation

(@/dz)[y(z)]=[Col[¥(z)] (13a)
that has the constant matrix
[Col=
ib. 0 — Wi, €xp(—ibg) —wpou— €Xp(—ido)
0 —ib, Opott - €Xp (i6o) Ol + €XP (i6o)
Wept 4 exXp(ido) wege - explidy) iby, 0
—WEye_ eXp(—idy) —wege, eXp(—idy) 0 by
(13b)

for its kernel. The solution of (13 a) can then be obtained as [29]

D@ =exp{[Colz— =) ¥(=)], (13¢)

whence the simple result
[f(@]=[PILF()]exp {[Colz—2)}[F(z)]'[P1™'[f(2)]. (134d)

The matrix exp{[Col(z—z)} can be simplified using the cigenvalues and the
eigenvectors of [C,]. We note that the eigenvalue equation for the [C,] of (13b) is a
quartic and is best handled numerically, even though the cubic term is missing
therefrom.

The above procedure makes it clear why an analytical solution for axial
propagation in a dielectric cholesteric medium can be found. If 2Q is the pitch of the
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cholesteric, we have ¢.(z)= ¢, (2)=nz/Q and p,=p,. Ergo, b,=b,=n/Q and §,=0;
and all three conditions (12a,b,c) are fulfilled. The matrix [C(z)] thus becomes
independent of z and an exact solution of the form (13 b) becomes attainable.

5. Magnetic-dielectric cholesteric medium
We may now proceed with the application of the resuits of the previous section for
axial propagation in the magnetic-dielectric cholesteric medium described in §2. We
use

d(2)=mz/Q, (14a)
Oul(2)=nz/Q+ 6, (14b)
to obtain
[Col=
in/Q 0 — g+ eXp(—idg) —wpop - exp(—idy)
0 —in/Q @poph— exp (ido) Wptop + eXp(ido)
Weee ;. eXp (idg) wege exp(idy) in/Q 0
—wege_ exp(—idy) —wege, exp(~—idy) 0 —in/Q
(14¢)
This matrix is diagonalizable in the form
[Col=[TIGITI™, (15a)
where the diagonal matrix
g 0 0 O
G| o 00 (15h)
0 0 g3 O
0 0 0 g,

contains the four eigenvalues g,, n=1-4, of [C,]. The successive columns of the matrix

b1y i bz lig
tr1 oy ty3 g4
[r1=| * (15¢)
t3r laz 3z lag
far taz laz laa

are the corresponding eigenvectors of {C,]. The quantities —ig, can be interpreted as
wavenumbers.

The eigenvalues of the matrix [C,] of (14 ¢) are obtained by setting the determinant
of the matrix ([C,] —g[I]) equal to zero, where [1] is the identity matrix. That process
yields the biquadratic equation

(g* +n2/Q%) +al(g® + 7*/Q%) + =0, (164)
where
a=2k3(p e, —p_t_cos2d,), (16 b)

B=k(u% —pu2)ed —e2)—4kd(n/Q p e, (t6¢)
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and ko =m./(10¢,) is the free space wavenumber. It follows from (16 a) that the four
eigenvalues are

g =J(A-—7*/Q%), g,=—g,, (17a,b)

g3=J( —7Q, g4,=—g,, (17¢,d)
where

Ay = —(/2)£(1/2)/(2* —4p). (17¢)

That we obtain g; = —g, and g, = —g, is reassuring, because the magnetic-dielectric
cholesteric material under investigation is reciprocal as its e(z) and m(z) are symmetric
dyadics [30].

The elements of the nth eigenvector are, quite simply, given in an unnormalized
form as

tay = — o[ (g7 +7*/Q%) +exp (2ido)kFe _(u3 —u2)], (184)
L2 = Otto €Xp (2i00) [+ (9, — im/Q)* + ke (0% — p2)], (18b)
tus= — kg exp (i8o)g, +in/Qu _& . + ki exp (3ido)g,—in/Qu.e_, (18¢)
tus = exp (i8o)[ (g7 + 72 /Q*Ng, — in/Q) + ki(gn + in/Qu . 2., ]

—ka exp (3ido)g, — in/Qu _e_. (184d)
As
exp {[Col(z—2)} =[T]exp {[Glz—2)}[T] ™} (19)
in view of (15 a), axial progagation takes place as described by the relation
Lf(@)]=[X(2)]exp {[Clz— 2} [X ()] '[f(2)], (20)
wherein we have introduced the matrix
[(X(@]=[PILFILT] 21

Equivalently, after setting z' =0 without loss of generality, we can cast the solution in
the form

Lf(@]=[X(z)]exp {[Gz}[ fo] 22a)
where the coefficient vector
Lfe1=[X(0)]~'[A0)]. (22b)

The solution given as (22 a) is not in a form compatible with the Floquet-Lyapunov
theorem [6,9, 12], but a slightly modified form is. To obtain the latter form, let us define
the matrix

[Y@I=[X@)I[FE=1* (23)
and transform (20) to

[f@]=[YE)]exp {ilK)z—2NY(Z)] ' [f(2)], (24)
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where
—ig, —n/Q 0 0 0
0 —ig, +71/Q 0 0
[K]= ot Y
0 0 —ig,—7/Q 0
0 0 0 —ig,+7m/Q
Then, setting z'=0 again, we can recast (24) into
[f@1=[Y(2)]exp {ilK]1z}[ fool, (264)

where the coefficient vector

[fool=[Y(O)]"L/O0)]. (26b)

Because [ Y{(z+Q)]=[Y(z)] and [K] is independent of z, the solution (26 a) is in the
form required by the Floquet-Lyapunov theorem.

The spirality of the medium vanishes in the limit Q— co, hence the inhomogeneity
also. This provides us with a means to test the derivations made in this section, for
which purpose we looked at the gyroelectromagnetic uniaxial medium [25,31] by
taking the limit Q— co along with 3, =0. The medium under investigation here thereby
became homogeneous, and we found that the solution (21 a) reduced to published
results {32] for axial propagation in the gyroelectromagnetic uniaxial medium.

6. Final remarks

We have thus obtained an analytical solution for axial propagation in a magnetic-
dielectric cholesteric or ferrocholesteric medium. This medium is more general than the
usual dielectric cholesteric medium. Therefore, we have shown that the exact, closed
form solution for axial propagation in a dielectric cholesteric medium is a reduction of
another exact, closed form solution for axial propagation in a magnetic-dielectric
cholesteric medium.

The features that allowed this exact solution are the following:

(i) The electromagnetic fields as well as the permittivity and the permeability
dyadics vary only with the propagation direction.

(i) The inhomogeneity is purely rotational, as demonstrated by (6a,b), and
transverse to the propagation direction.

(iii) The effective anisotropy of the medium is purely transverse to the propagation
direction, the (non-zero) values of u,¢(z)uf=¢s,) and u_m(z)wu(u.po)
being inconsequential for the present problem.

(iv) The angles ¢.(z) and ¢, (z) vary linearly with the propagation direction, the
difference between the two being a constant.

Our original question, as to what the special features are that permit an analytical
solution, has therefore been answered; and we note that the answer is in a more general
setting than the question. To conclude, we add that the understanding obtained here by
us has been of assistance in obtaining exact and simple solutions for propagation in
general helicoidal media {33].

W.S.W. is grateful to the Nuffield Foundation for providing a travel grant
(SCI/180/92/77/G).
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